Published by Institute of Physics Publishing for SISSA/ISAS Received: May 21, 2002 Accepted: November 4, 2002

Electroweak hadronic contributions to g_μ − 2

Marc Knecht, Michel Perrottet and Eduardo de Rafael

Centre de Physique Théorique, CNRS-Luminy Case 907, F-13288 Marseille Cedex 9, France E-mail: knecht@cpt.univ-mrs.fr, perrottet@cpt.univ-mrs.fr,

eder@cptsu5.univ-mrs.fr

Santiago Peris

Grup de Física Teòrica and IFAE, Universitat Autònoma de Barcelona 08193 Barcelona, Spain E-mail: peris@ifae.es

Abstract: We reanalyze the two-loop electroweak hadronic contributions to the muon g − 2 that may be enhanced by large logarithms. The present evaluation is improved over those already existing in the literature by the implementation of the current algebra Ward identities and the inclusion of the correct short-distance QCD behaviour of the relevant hadronic Green’s function.

Keywords: Nonperturbative Effects, 1/N Expansion, Electromagnetic Processes and Properties, QCD.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep112002003 /jhep112002003 .pdf

Contents 1. Introduction 1 2. The master Green’s function 4 3. The contribution to the muon anomalous magnetic moment 6 4. Constraints on the function W (Q^2) from the operator product expansion (OPE) 8 5. The function W (Q^2) in the MHA to large-N_c QCD and in the chiral limit 10 6. Beyond the chiral limit 14 7. Results and conclusions 18 7.1 Bosonic contributions 19 7.2 Fermionic contributions 19 A. Ward identities and gauge invariance 21 A.1 Current algebra Ward identities 22 A.2 Electroweak gauge invariance 23 B. Technical remarks on the OPE in the chiral limit 25 B.1 Contribution from soft gluons 26 B.2 Contribution from hard gluons 26 C. The OPE beyond the chiral limit 28 D. On the presence of log M_Z terms in a^{EW (2)}_μ (e, μ, u, d, s, c) 30

1. Introduction The latest result from the g_μ − 2 experiment at BNL [1] reported by the E821 collaboration has triggered a renewal of interest on the theoretical prediction of the anomalous magnetic moment of the muon a_μ ≡^1_2 (g_μ − 2) in the Standard Theory.^1 The attention has been focused mostly on the hadronic vacuum polarization contribution, particularly on the accuracy of its determination [3]–[7]. The major theoretical change, however, comes from a new evaluation of the dominant pion-pole contribution to the hadronic light-by-

1For a recent review see e.g. ref. [2] where some of the earlier references can also be found.

– 1 –

Figure 1: Feynman diagrams with the hadronic γ − γ − Z vertex which contributes to the muon anomaly.

light scattering [8], which has unravelled a sign mistake in earlier calculations [9]–[13]. The correctness of the result in ref. [8] was corroborated by a renormalization group argument within the low-energy effective theory of the Standard Theory in ref. [14], with subsequent developments in refs. [15, 16] and [17]. The previous calculations have now been amended correspondingly [18, 19, 20].

Here we wish to report on a new calculation concerning an interesting class of hadronic contributions which appear at the two-loop level in the electroweak sector. They are the ones generated by the hadronic γ − γ − Z vertex, with one γ and the Z-boson attached to a muon line, as illustrated by the Feynman diagrams in figure 1.

As first noticed in [21] these contributions are particularly interesting since, in principle, they can be enhanced by a large log(M^2_Z /m^2_{loop}) factor, where m_{loop} is the relevant scale in the shaded loop in figure 1. However, in the absence of the strong interactions, there is an important cancellation between leptons and quarks within a given family, as a consequence of the anomaly-free charge assignment in the Standard Theory [22, 23]. The purpose of the present work is to analyze what is left out of this cancellation in the sector of the u, d and s quarks, where the strong interactions turn out to play a subtle role.

When dealing with the strong interaction effects, it has become a common simplifying practice among some theorists, to assume that the main effect of the strong interactions is dual to a modification of the u, d, s quark masses in the QCD lagrangian, to “constituentlike” quark masses of the order of 300 MeV for the u, d quarks and 500 MeV for the s quark. In this way the contributions from figure 1 were found to be rather small [22, 23].^2 However, in view of the expected accuracy which the new BNL experiment will eventually reach, it becomes necessary to have a more reliable determination of the size of these contributions. This has now become possible within the framework of the 1/N_c expansion in QCD. There are indeed recent theoretical developments of this non-perturbative analytic approach, which have been applied mostly to the calculation of hadronic weak processes,^3 but which turn out to be useful as well for the evaluation of this particular class of hadronic contributions to a_μ. This paper is dedicated to the evaluation of these contributions.

2Notice that ref. [22] uses a more sophisticated version of this approach where at least chiral symmetry breaking is correctly implemented [24].

3See ref. [25] for a recent review, and refs. [26] to [30] for details.

– 2 –

The relevant terms in the lagrangian of the Standard Theory which we shall be needing are the following:

1a. The Leptonic Neutral Current lagrangian.

L^{leptons}

NC = eJ^{em}_μ A^μ − g 2 cos θ_W

J^{(0)}_μ Z^μ ,

where J^{em}_μ = ∑ f Q_f f̄γ_μf , and J^{(0)}_μ = ∑ f f̄γ_μ(v_f − a_f γ_5)f ,

with v_f = T_{3f} − 2Q_f sin^2 θ_W , and a_f = T_{3f} .

In our case, we shall only need the muon components

Q_μ = −1 , and a_μ = − 1 2 ; i.e., the muon electromagnetic coupling and the axial coupling of the Z to the muon line: −eμ̄(x)γ_αμ(x)A^α(x) and g 2 cos θ_W 1 2 μ̄(x)γ_αγ_5μ(x)Z^α(x) . 1b. The Hadronic Neutral Current lagrangian in the sector of light quarks.

L^{quarks}

NC = q̄(x)γ^μ [ l^{(0)}_μ

1 − γ_5 2 + r^{(0)}_μ

1 + γ_5 2 ] q(x) , where q̄ = (ū, d̄, s̄) and

l^{(0)}_μ = eQ_L[A_μ −tan θ_W Z_μ]+ g 2 cos θ_W

Q^{(3)}_L Z_μ and r^{(0)}_μ = eQ_R[A_μ −tan θ_W Z_μ] .

In our calculation, only the hadronic electromagnetic coupling:

e q̄(x)γ^μQq(x)A_μ , Q = Q_L = Q_R = diag ( 2 3 , − 1 3 , − 1 3 ) ; and the hadronic axial coupling: − 1 2 g 2 cos θ_W q̄(x)γ^μγ_5Q^{(3)}_L q(x)Z_μ(x) , Q^{(3)}_L = diag(1, −1, −1) ,

will be needed.

1c. The coupling of the unphysical neutral Higgs field to the light quarks and to the muon. L_Φ0 = g 2 cos θ_W

Φ^0(x)J^{Φ0} (x) , (1.1)

with (a_u = 1/2, a_d = a_s = −1/2)

J^{Φ0} (x) = 2 ∑ q=u,d,s a_q m_q M_Z q̄(x)iγ_5q(x) + 2a_μ m_μ M_Z μ̄(x)iγ_5μ(x) . (1.2)

– 3 –

The hadronic electroweak vertex which we have to compute, in the notation corresponding to figure 1, is the following^4

⟨μ̄(p^′)|V^{em}_ρ (0)|μ(p)⟩ = ū(p^′)Γ_ρ(p^′, p)u(p) = (−ie)(−ie) ( ig 4 cos θ_W ) ( −ig 4 cos θ_W ) × × ∫ d^4q (2π)^4 −i q^2 −i (p^′ − p − q)^2 − M^2_Z ū(p^′) × × [ γ^μ i p̸^′ − q̸ − m_μ γ^ν γ_5 + γ^ν γ_5 i p̸ + q̸ − m_μ γ^μ ] u(p) × × ∫ d^4x e^{iq.x} ∫ d^4y e^{i(p′−p−q)·y}⟨Ω|T {V^{em}_μ (x)A^{nc}_ν (y)V^{em}_ρ (0)}|Ω⟩ , (1.3)

where V^{em}_μ (x) = q̄(x)γ_μ Q q(x) , A^{nc}_ν (y) = q̄(y)γ_ν γ_5 Q^{(3)}_L q(y) and |Ω⟩ denotes the full QCD physical vacuum. Here, for the purpose of simplicity, both the photon and Z propagators in the second line of eq. (1.3) are evaluated in the Feynman gauge. We dedicate, however, appendix A to a discussion of questions related to gauge dependence. The anomalous magnetic moment contribution from this vertex is then defined by the corresponding Pauli form factor at zero momentum transfer, i.e.,

F_2(0) = lim_{k2→0} tr { (p̸ + m_μ)Λ^ρ_2(p^′, p)(p̸^′ + m_μ)Γ_ρ(p^′, p) } , (1.4)

where (p^′ = p + k)

Λ^ρ_2(p^′, p) = m^2_μ k^2 1 4m^2_μ − k^2 γ^ρ − m_μ k^2

2m^2_μ + k^2 (4m^2_μ − k^2)^2

(p + p^′)^ρ (1.5)

is the projector on the Pauli form factor, and m_μ denotes the muon mass.

2. The master Green’s function

Figure 2: Symbolic representation of the ⟨VAV ⟩ three-point function in eq. (2.1).

The contribution we want to compute is governed by the hadronic Green’s function W_{μνρ}(q, k) = ∫ d^4x e^{iq·x} ∫ d^4y e^{i(k−q)·y}⟨Ω|T {V^{em}_μ (x)A^{nc}_ν (y)V^{em}_ρ (0)}|Ω⟩ , (2.1) with k the incoming photon four-momentum associated with the classical external magnetic field, as illustrated in figure 2.

The general Ward identities which constrain this type of threepoint functions in QCD are discussed in appendix A. In particular, W_{μνρ}(q, k) has an electroweak U(1) anomalous term. It is this term which, when lumped together with the corresponding contributions from the c quark and the e and μ leptons to the γ − γ − Z loop, gives a finite gauge

4We use the following conventions for Dirac’s γ-matrices: {γμ, γν } = 2gμν , with gμν the Minkowski metric tensor of signature {+, −, −, −}, γ5 = iγ^0γ^1γ^2γ^3, and the totally antisymmetric tensor ϵμνρσ is such that ϵ0123 = +1.

– 4 – invariant contribution to a_μ which was calculated, independently, in refs. [22, 23]. Here we are particularly interested in the contribution to a_μ from the non-anomalous part of W_{μνρ}(q, k), denoted by W̃_{μνρ}(q, k), i.e.

W_{μνρ}(q, k) = W_{μνρ}(q, k)_{anomaly} + W̃_{μνρ}(q, k) , (2.2)

where W_{μνρ}(q, k)_{anomaly} = −i N_c 12π^2 4 3 (q − k)_ν (q − k)^2 ϵ_{μραβ} q^αk^β . (2.3) The function W̃_{μνρ}(q, k) obeys the trivial Ward identities

q^μW̃_{μνρ}(q, k) = 0 , and k^ρW̃_{μνρ}(q, k) = 0 , (2.4)

but, as discussed in appendix A, it has both a longitudinal and transverse component in the axial neutral-current ν-index:

W̃_{μνρ}(q, k) = W̃^{long}_{μνρ} (q, k) + W̃^{trans}_{μνρ} (q, k) .

Differentiating the second identity in eq. (2.4) with respect to k we get W̃_{μνρ}(q, k) = −k^σ ∂ ∂k^ρ W̃_{μνσ}(q, k) . (2.5) As we shall see in the next section, extracting one power of k from W̃^{trans}_{μνρ} (q, k) is all that is needed in order to obtain the corresponding contribution to the Pauli form factor at zero momentum transfer, i.e. the anomalous magnetic moment a_μ. Therefore, without loss of generality, we can set W̃^{trans}_{μνρ} (q, k) = k^σW_{μνρσ}(q) + O(k^2) ,

where W_{μνρσ}(q) = − ∂ ∂k^ρ [ W_{μνσ}(q, k) − (q − k)_ν (q − k)^2 (q − k)^{ν′} W_{μν}′_σ(q, k) ] | | |_{k→0} . (2.6)

The most general pseudo-tensor W_{μνρσ} (q) which satisfies the Ward identities is then constrained to have the form (Q^2 ≡ −q^2):^5 W_{μνρσ}(q) = iW (Q^2) [q_ρϵ_{μνασ} q^α − q_σϵ_{μναρ}q^α] . (2.7) As we shall see in the next section, the contribution we are looking for can be expressed as a simple integral of the function W (Q^2) over the range 0 ≤ Q^2 ≤ ∞ in the euclidean Q^2

5There is a priori another possible tensor structure which also fulfills these requirements: ϵμνρσ q^2 + qν ϵ_{μρλσ}q^λ + qμϵ_{ρνλσ}q^λ . However, using the identity ϵ^{μνρσ} q^λ + ϵ^{νρσλ}q^μ + ϵ^{ρσλμ}q^ν + ϵ^{σλμν} q^ρ + ϵ^{λμνρ}q^σ = 0 , it can easily be shown (contracting the previous identity with q_λ) that it is identical to the one in eq. (2.7).

– 5 – variable. We shall show in section 4 that, in the chiral limit, this function falls as 1/Q^6 at large Q^2 and, in the presence of massive light quarks, the large-Q^2 fall-off of W (Q^2) goes as 1/Q^4 only.

3. The contribution to the muon anomalous magnetic moment

Since what we want is F_2(0) we need only to keep the projector in eq. (1.5) to its simplest form in an expansion in powers of momentum k,

Λ^ρ_2(p^′, p) = 1 4k^2 ( γ^ρ − (p + p^′)^ρ 2m_μ ) + · · · . This is because the product

(p̸ + m_μ)Λ^ρ_2(p^′, p)(p̸^′ + m_μ) = 1 4k^2

(p̸ + m_μ) [ γ^ρ k̸ − ( k^ρ + p^ρ m_μ k̸ )] + O(k^0) ,

which then appears in eq. (1.4), is proportional to one inverse power of k . On the other hand, gauge invariance forces the Green’s function W_{μνρ}(q, k) to be proportional to one power of k at least. Altogether, this gives the required powers of k which are needed to define F_2(0). We can, therefore, simplify significantly the calculation of eq. (1.4) to that of the simpler expression:

F_2(0) = (−e^2) g^2 16 cos^2 θ_W 1 M^2_Z lim_{k2→0} ∫ d^4q (2π)^4 1 q^2 ( M^2_Z q^2 − M^2_Z ) × × 1 4k^2 tr { (p̸ + m_μ) [ γ^ρ k̸ − ( k^ρ + p^ρ m_μ k̸ )] × × [ γ^μ (p̸ − q̸ + m_μ) q^2 − 2q·p γ^ν γ_5 + γ^ν γ_5 (p̸ + q̸ + m_μ) q^2 + 2q·p γ^μ ]} × (3.1) × [ − N_c 12π^2 4 3 q_ν q^2 ϵ_{μρασ} q^αk^σ − iW̃^{long}_{μνρ} (q, k) + k^σ [q_ρϵ_{μνασ}q^α − q_σϵ_{μναρ}q^α] W (Q^2) ] , where the first term in the last line of eq. (3.1) is the contribution from the anomaly to the ⟨VAV ⟩ Green’s function, already discussed in ref. [22]. The second and third terms are the non-anomalous contributions from the longitudinal and transverse components of the same Green’s function. Let us first simplify, still further, the last contribution.

The integral over the four-momentum q from the last term (the transverse component), is convergent in the infrared because W (Q^2) has no Goldstone pole at Q^2 → 0 and in the ultraviolet because of the QCD short-distance behaviour of W (Q^2), which we shall later discuss. Therefore, to leading order in powers of the lepton mass, we can perform the trace and then the integration over the angles, setting 1 q^2 ± 2q·p → 1 q^2

, (3.2)

– 6 – in eq. (3.1). The integral over the solid angle dΩ_q becomes trivial, and the transverse contribution is then given by the expression

F_2(0)|_{trans} = g^2 16 cos^2 θ_W e^2 M^2_Z lim_{k2→0} i 16π^2 ∫_∞ 0 dQ^2Q^2 1 Q^4 ( M^2_Z Q^2 + M^2_Z ) Q^2W (Q^2) × × −1 8k^2 tr { (p̸ + m_μ) [ γ^ρ k̸ − ( k^ρ + p^ρ m_μ k̸ )] × × [γ^μ(p̸ + m_μ)γ^ν γ_5 + γ^ν γ_5(p̸ + m_μ)γ^μ] } k^σϵ_{μνρσ} +O ( m^2_μ M^2_Z log M^2_Z m^2_μ ) . (3.3)

The remaining algebra leads to a remarkably simple expression:

F_2(0)|_{trans} = (−e^2) g^2 16 cos^2 θ_W ( m^2_μ M^2_Z ) 1 4π^2 ∫_∞ 0 dQ^2 ( M^2_Z Q^2 + M^2_Z ) W (Q^2) . (3.4)

The integration of the anomalous term in eq. (3.1) is in fact slightly more complicated, because there we cannot simplify the muon propagators as in eq. (3.2). It is then useful to combine denominators using two Feynman parameters: 1 (q^2)^2(q^2 − M^2_Z )(q^2 ± 2q · p) = 6 ∫_1 0 dxx^2 ∫_1 0 dyy 1 [(q − l)^2 − R^2]^4 , where −l = ±p(1 − x) and R^2 = M^2_Z x(1 − y) + m^2_μ(1 − x)^2 .

Then, after the shift q → q + l of the integration four-momentum, and upon neglecting terms of O (_{m2μ} M^2_Z log

M^2_Z m^2_μ ) one obtains the result (in the Feynman gauge)

F_2(0)|_{anom} =

G_F √ 2 m^2_μ 8π^2 α π N_c 3 4 3 ×

× ∫_1 0 dx x^2 ∫_1 0 dy y 1 + 3(1−x) x(1−y) +^{m2μ}_{M 2Z} (1−x)^2 − m^2_μ M^2_Z

(1−x)^3 [ x(1−y) +^{m2μ}_{M 2Z} (1−x)^2

]_2 ,

= G_F √ 2 m^2_μ 8π^2 α π N_c { 4 9 log M^2_Z m^2_μ + 2 9 + O ( m^2_μ M^2_Z log M^2_Z m^2_μ )} ,

= G_F √ 2 m^2_μ 8π^2 α π × 18.69 , (3.5)

in agreement with the result^6 in ref. [22]. The evaluation of F_2(0) in an arbitrary gauge, with a discussion of the physics behind it, can be found in appendix A.

6The constant term inside the bracket in eq. (20) of ref. [22] should be 2/3 instead of 4/9.

– 7 –

4. Constraints on the function W (Q^2) from the operator product expansion (OPE)

In order to perform the integral over Q^2 in eq. (3.4) we require information on the function W (Q^2). We shall now discuss the constraints on this function, at large Q^2 values, which follow from QCD at short-distances. For pedagogical reasons, we shall first discuss the hadronic contributions in the chiral limit, where the light quark masses are neglected. However, the leading effect due to the explicit chiral symmetry breaking induced by the finite light quark masses, turns out to be important and rather subtle. It is at the origin of a conceptual discrepancy with the treatment reported in ref. [23]. We shall, therefore, discuss as well the contributions from explicit breaking, later, in section 6.

Since one of the photons is on shell, the relevant short-distance behaviour we are looking for is the one given by the OPE of the two currents V^{em}_μ (x) and A^{nc}_ν (y) in the three-point function W̃_{μνρ}(q, k) in eq. (2.1) when x → y, because these are the currents where the hard virtual momentum q can get through [31] (from here onwards, the subscript non-anomalous in T -products will be understood). This three-point function is represented symbolically in figure 2. The quantity we are interested in is defined by the limit

U_{μν} (q) = lim_{q→∞} ∫ d^4ze^{iq.z}T { V^{em}_μ (z)A^{nc}_ν (0) } , (4.1)

and the relevant term in the OPE of these two currents is the one with a tensor structure U_{μν} (q) = i [q_δϵ_{μναβ} q^α − q_βϵ_{μναδ}q^α] C O^{βδ}(0) (Q^2)^p

+ · · · , (4.2)

where C is a dimensionless constant to be calculated, p denotes the lowest possible power and the ellipsis stands for other contributions proportional to higher powers of 1/Q^2 and/or to other tensor structures which cannot contribute to the muon anomaly. The dimension of the O^{βδ} operator is such that: d [ O^{βδ} ] − 2p = 0 ;

i.e., O^{βδ} must be an operator of even dimension, and antisymmetric in βδ.

There are in fact two types of potential contributions to the r.h.s. of eq. (4.2) which, physics-wise, are generated by the emission of soft virtual gluons and hard virtual gluons in the T -product in eq. (4.1). As discussed in appendix B, there is no possible contribution from soft gluons, on symmetry grounds, with the tensor structure of eq. (4.2) and with a power p ≤ 3. The leading contribution, which appears with a power p = 3, comes from the perturbation theory expansion in hard virtual gluons and it is the one shown in the diagrams of figure 3.

The details of the calculation of the contribution from hard virtual gluons to U_{μν} (q) in eq. (4.1) are explained in appendix B where it is shown that, U_{μν} (q) = i [q_δϵ_{μναβ} q^α − q_βϵ_{μναδ}q^α] ( −2π^2 α_s π ) Oβδ(0) (Q^2)^3

+ · · · , (4.3)

– 8 –

Figure 3: Feynman diagrams showing the hard gluon exchanges which contribute to the leading 1/Q^6 behaviour of the operator U_{μν} (q) in eq. (4.1).

and where the operator O^{βδ}(0) is found to be the four-quark operator:

O^{βδ}(0) = [ 2 3 ( ūσ^{βδ}u ) (ūu) + 1 3 ( d̄σ^{βδ}d ) ( d̄d) + 1 3 ( s̄σ^{βδ}s ) (s̄s) ] (0) .

We find, therefore, that the constant C in eq. (4.2), to lowest order in perturbative QCD is

C = −2π^2 α_s π + O ( α^2_s ) . We are now in the position to evaluate the high-Q^2 behaviour of the invariant function W (Q^2) in eq. (2.7). For that we first insert the result obtained in eq. (4.3) into the r.h.s. of eq. (2.6). What appears then is the two-point function

Ψ^{βδ}_ρ(k) = ∫ d^4ye^{−ik·y}⟨Ω |T { O^{βδ}(0)V^{em}_ρ (y) } |Ω⟩ . In our case, the four-momentum k in this two-point function is a soft momentum; and in fact, what we need for our purposes is only the term linear in this soft momentum, i.e. − ∂ ∂k^ρ Ψ^{βδ}_σ(k) | |_{k→0} = i ∫ d^4y y_ρ ⟨Ω |T { O^{βδ}(0)V^{em}_σ (y) } |Ω⟩ (4.4) = i⟨ψ̄ψ⟩_0 ∫ d^4y y_ρ ⟨Ω |T { V^{em}_σ (y) ( q̄(0)σ^{βδ} QQ^{(3)}_L q(0) )} |Ω⟩ , (4.5)

where in going from eq. (4.4) to eq. (4.5) we have used the 1/N_c-expansion, keeping only the leading contribution, and SU(3) symmetry for the single flavour vacuum condensate ⟨ψ̄ψ⟩_0. Our problem is then reduced to the one of evaluating the behaviour of the ⟨V T ⟩ correlation function which appears in the r.h.s. of eq. (4.5) at a small momentum transfer.

– 9 –

On general grounds (conservation of the vector current, parity invariance and SU(3) symmetry) and in the chiral limit, the generic ⟨V T ⟩ correlation function ∫ d^4y e^{ik·y}⟨Ω |T {( ψ̄γ_σ λ^a 2 ψ ) (y) ( ψ̄σ^{βδ} λ^b 2 ψ ) (0) } |Ω⟩ = (k^βδ^δ_σ − k^δδ^β_σ ) δ^{ab} Π_{V T} (k^2) , (4.6) depends on one invariant function Π_{V T} (k^2), where λ^a denotes the Gell-Mann matrices, normalized as tr(λ^aλ^b) = 2δ^{ab}, with λ^0 = ( √ 2/3) 1, and a = 0, 1, . . . , 8. Using the relations Q = λ^3 2 + 1 √ 3 λ^8 2 , and QQ^{(3)}_L = 1 3 ( λ^3 2 + 1 √ 3 λ^8 2 + 4 √ 2 3 λ^0 2 ) , we can write our result in eq. (4.5) in terms of Π_{V T} (0) only, as follows: − ∂ ∂k^ρ Ψ^{βδ}_σ(k) | |_{k→0} = 1 3 ( 1 + 1 3 ) ⟨ψ̄ψ⟩_0(δ^β_ρ δ^δ_σ − δ^δ_ρδ^β_σ )Π_{V T} (0) .

The function Π_{V T} (k^2), in the minimal hadronic approximation (MHA) to large-N_c QCD, has been evaluated in ref. [32]. In this approximation, it has the simple pole form

Π_{V T} (k^2)|_{MHA} = −⟨ψ̄ψ⟩_0 1 k^2 − M^2_ρ , with M_ρ the mass of the lowest vector state in the large-N_c QCD spectrum. The asymptotic behaviour of the function W (Q^2) at large Q^2 values is then fixed, in the MHA, with the result lim Q^2→∞ W (Q^2)|_{MHA} = 16 9 π^2 α_s π 1 M^2_ρ ⟨ψ̄ψ⟩^2_0 Q^6

. (4.7)

5. The function W (Q^2) in the MHA to large-N_c QCD and in the chiral limit

Since W (Q^2) has dimensions of an inverse squared mass, it is convenient to define

W (Q^2) = 1 M^2_ρ w(z) , with z ≡ Q^2 M^2_ρ

. (5.1)

The function w(z) in large-N_c QCD is a meromorphic function in the complex z-variable. It has the pole structure shown by the Feynman diagrams in figure 4, where the ρi denote vector narrow states and the a_j axial-vector states.

Using partial fractions, we can write in full generality w(z) = ∑ R α_R z + z_R , with z_R =

M^2_R M^2_ρ , and M_R the mass of the R narrow state. The short-distance constraints on the unknown residues α_R are ∑ R α_R = 0 , ∑ R α_Rz_R = 0 , and ∑ R α_Rz^2_R = R ,

– 10 –

Figure 4: Feynman diagrams which contribute to the function w(z) in eq. (5.1) in large-N_c QCD.

with R fixed by the leading term in the OPE expansion

lim_{z→∞} w(z) = R 1 z^3 + O ( 1 z^4 ) . Therefore, in large-N_c QCD

F_2(0)|_{trans} = (−e^2) g^2 16 cos^2 θ_W ( m^2_μ M^2_Z ) 1 4π^2 ∫_∞ 0 dz 1 1 +^{M 2ρ}_{M 2Z} z ∑ R α_R z + z_R . (5.2)

The minimum number p of poles required to have the same asymptotic behaviour as the OPE result in eq. (4.7) is p = 3. This minimum number of poles corresponds in this case to the minimal hadronic approximation to large-N_c QCD, which we have used already in several other calculations.^7 In this approximation, the expansion of the meromorphic function w(z) in rational functions^8 is limited to the first three poles, and can be written as follows: w(z) = α_1 z + 1 + β_1 z + 1/g_A + α_2 z + r^′ , (5.3)

with α_1, β_1 and α_2 unknown residues, which we shall determine readily, and

g_A =

M^2_ρ M^2_{A1} and r^′ =

M^2_ρ′ M^2_ρ . As we have seen, the OPE evaluated in the MHA, fixes the value of R to R = 16 9 π^2 α_s π ⟨ψ̄ψ⟩^2_0 M^6_ρ

. (5.4)

There follow then three short-distance constraints on the three unknown residues α_1, α_2 and β_1:

α_1 + β_1 + α_2 = 0 ,

α_1 + 1 g_A β_1 + r^′α_2 = 0 ,

α_1 + 1 g^2_A β_1 + r^{′2}α_2 = R ,

7See ref. [25] for a recent review, and refs. [26] to [30] for details.

8Recall the Mittag-Leffler theorem for meromorphic functions, see e.g. ref. [33, section 7.4].

– 11 – with the solution:

α_1 = R g_A (1 − g_A)(r^′ − 1) , α_2 = −R g_A (1 − g_Ar^′)(r^′ − 1) , β_1 = R g^2_A (1 − g_A)(1 − g_Ar^′) . In particular w(0) = α_1 + g_Aβ_1 + 1 r^′ α_2 = R g_A r^′ . The function w(z) is then fully determined and the integral which defines F_2(0) in eq. (3.3) can be done. The shape of the function w(z) normalized to its value at the origin is the continuous red curve shown in figure 5 below. As expected, it is a sharply decreasing function in z.

At this stage, it is perhaps useful to compare the function W (Q^2) we find in the MHA to large-N_c QCD with the corresponding function, evaluated in the constituent chiral quark model (χQM), which was used in ref. [22] to obtain F_2(0)|_{trans} as an estimate of the error in F_2(0). The function W (Q^2) in the χQM has a simple parametric form:

W_{χQM}(Q^2) = N_c 12π^2 8 3 g_A ∫_1 0 dx ∫_{1−x} 0 dy xy − y(1 − y) M^2_Q + Q^2y(1 − y)

, (5.5)

where g_A ≃ 1/2 is the axial-coupling of the constituent quark.^9 With the same normalization as in eq. (5.1), i.e.,

W_{χQM}(Q^2) = 1 M^2_ρ w_{χQM}(z) , and z ≡

Q^2 M^2_ρ

, (5.6)

we have

w_{χQM}(z) = N_c 12π^2 8 3 g_A M^2_ρ M^2_Q × ∫_1 0 dx ∫_{1−x} 0 dy xy − y(1 − y) 1 +^{Q2}_{M 2Q} y(1 − y)

= −N_c 12π^2 8 3 g_A M^2_ρ 4Q^2 1 + M^2_Q Q^2 2 √ 1 + 4M^2_Q/Q^2 log √ 1 + 4M^2_Q/Q^2 − 1 √ 1 + 4M^2_Q/Q^2 + 1

. (5.7)

The asymptotic behaviours of this function are:

lim_{z→0} w_{χQM}(z) = −N_c 12π^2 g_A M^2_ρ 9M^2_Q + O ( Q^2 M^2_Q ) , and lim_{z→∞} w_{χQM}(z) = −N_c 12π^2 2 3 g_A M^2_ρ Q^2 + O ( M^2_Q Q^2

)_2 log Q^2 M^2_Q .

9See the second reference in [24].

– 12 –

Figure 5: Shape of the functions w(z) in eq. (5.1) (the continuous curve) and w_{χQM} (z) in eq. (5.6) (the dotted curve) normalized to their respective values at the origin.

The χQM not only fails to reproduce the large Q^2 behaviour of the OPE in QCD, but it has the opposite sign to the MHA to large-N_c QCD in the chiral limit. Notice that, even though one is interested in the large-Q^2 limit, there is one photon whose momentum k^2 vanishes (see figure 2). This makes the Green’s function W (Q^2) in eq. (2.7) a nonperturbative object which cannot be calculated in terms of free quarks, such as those of the χQM.

The shape of the function w_{χQM}(z) normalized to its value at the origin is the dashed curve plotted in figure 5. It is yet another example of a constituent chiral quark model prediction which deviates substantially from the short-distance behaviour of QCD. The resulting contribution to F_2(0)|_{trans} in the χQM is as follows:

F_2(0) | |^{χQM} trans = G_F √ 2 m^2_μ 8π^2 α π × N_c 3 g_A [ 2 3 log M^2_Z M^2_Q − 4 3 + O ( M^2_Q M^2_Z log M^2_Z M^2_Q )] ,

= G_F √ 2 m^2_μ 8π^2 α π × 3.08 , for M_Q = 330 MeV and g_A = 1 2 . (5.8)

Amusingly, the integral in eq. (5.2), in the MHA to large-N_c QCD can be easily done analytically. Upon neglecting terms of O(M^2_ρ′ /M^2_Z ), the result reads

F_2(0)|^{MHA}_{trans} = −

G_Fm^2_μ √ 2 α 2π R [ g_A (1 − g_Ar^′)(r^′ − 1) log r^′ + g^2_A (1 − g_A)(1 − g_Ar^′) log g_A ] . Numerically, for g_A = 1/2 and r^′ = 3.5, we find

F_2(0)|^{MHA}_{trans} = −

G_Fm^2_μ √ 2 α 2π R × 0.128 . (5.9)

– 13 –

In order to evaluate, in terms of hadronic parameters, the short-distance residue R in eq. (5.4), we observe that the same factor ∼^{αs}_π ⟨ψ̄ψ⟩^2_0 appears in the OPE of the ⟨LR⟩ correlation function where it has been shown [34] that in large-N_c QCD

α_s 4π ⟨ψ̄ψ⟩^2_0 = 1 16π^2 ∑ j f^2_{Aj} M^6_{Aj} − ∑ i f^2_{Vi} M^6_{Vi} .

In this case, the MHA corresponds to a saturation with a vector state and an axial-vector state only, with the result

α_s 4π ⟨ψ̄ψ⟩^2_0 | | MHA = 1 16π^2 ( f^2_{A1} M^6_{A1} − f^2_ρ M^6_ρ ) . (5.10)

Using this relation, as well as the familiar vector dominance expressions [35]:

f^2_ρ = 2

F^2_0 M^2_ρ

, f^2_{A1} =

F^2_0 M^2_{A1}

, and M^2_ρ = g_A M^2_{A1} ,

which as explained in ref. [25] can also be viewed as predictions of the MHA to large-N_c QCD, our hadronic estimate for the residue R is then R = 8 9 F^2_0 M^2_ρ , with F_0 the pion coupling constant in the chiral limit (F_0 = 87 MeV). This estimate allows for a neat comparison with the contributions calculated in refs. [22, 23], since we now have

F_2(0)|^{MHA}_{trans} = −

G_F √ 2 m^2_μ 8π^2 α π × ( 2 9 × 0.128 ) 16π^2F^2_0 M^2_ρ = − G_F √ 2 m^2_μ 8π^2 α π × 0.06 , (5.11)

Even allowing for a substantial error in our determination of ⟨ψ̄ψ⟩_0 in eq. (5.10), we obtain, in the chiral limit, a much smaller contribution than the one predicted by the χQM in eq. (5.8).

6. Beyond the chiral limit

As explained in appendix A, the axial Ward identity in eq. (A.3), in the presence of light quark mass terms in the QCD lagrangian, is no longer given by the anomaly alone. As a result, the non-anomalous part of the Green’s function W_{μνρ}(q, k) in eq. (2.1), which we have been denoting by W̃_{μνρ}(q, k) (see eq. (2.2)) is no longer fully transverse. It acquires a longitudinal component

W̃^{long}_{μνρ} (q, k) = −2iM_Z (q − k)^ν (q − k)^2

W^{(Φ0)}_{μρ} (q, k) (6.1)

– 14 – where

W^{(Φ0)}_{μρ} (q, k) = ∫ d^4xe^{iq.x} ∫ d^4ye^{−ik.y}⟨Ω |T {V^{em}_μ (x)V^{em}_ρ (y)J^{Φ0} (0)} | Ω⟩ , = ϵ_{μραβ} q^α(−k^β )H^{Φ0} ( q^2, k^2, (q − k)^2 ) , (6.2)

and J^{Φ0} is the current defined in eq. (1.2), where the quark masses enter, linearly, as explicit couplings. It is the third term in eq. (A.2) that we shall now be concerned with. This term, when added together with the contribution from the unphysical Higgs coupling in eqs. (1.1) and (1.2) produces an extra contribution to the muon anomaly

F_2(0)|_{long} = g^2 16 cos^2 θ_W e^2 M^2_Z lim_{k2→0} ∫ d^4q (2π)^4 1 q^2 × × m_μ 2k^2 tr { (p̸ + m_μ) [ γ^ρ k̸ − ( k^ρ + p^ρ m_μ k̸ )] × × [ γ^μ (p̸ − q̸ + m_μ) q^2 − 2q·p γ_5 + γ_5 (p̸ + q̸ + m_μ) q^2 + 2q·p γ^μ ]} × (6.3) × [ 2M_Z q^2 2 ∑ q=u,d,s a_q m_q M_Z ∫ d^4xe^{iq·x} ∫ d^4ye^{−ik·y}⟨Ω|T {V^{em}_μ (x)V^{em}_ρ (y)q̄(0)iγ_5q(0)}|Ω⟩ ] ,

which we are next going to evaluate.

At the level of accuracy that we are interested in, it is sufficient to consider the contribution from the strange quark in the sum of light quark flavours in eq. (6.3), and let m_u = m_d → 0. Then, the relevant hadronic three-point function, in the notation of ref. [32] is

(Π_{V V P} )_{μρ} (q, −k) = ∫ d^4xe^{iq.x} ∫ d^4ye^{−ik·y}⟨Ω |T {V^{em}_μ (x)V^{em}_ρ (y)s̄(0)iγ_5s(0)} | Ω⟩ = ϵ_{μραβ} q^α(−k^β) ( 4 9 ) H_V ( q^2, k^2, (q − k)^2 ) . (6.4)

In the MHA to large-N_c QCD, it is found [27, 32] that:

H^{MHA}_V ( q^2, k^2, (q − k)^2 ) = − ⟨ψ̄ψ⟩_0 2 q^2 + k^2 + (q − k)^2 −^{Nc}_{4π2}^{M 4V}_{F 20}

(q^2 − M^2_V )(k^2 − M^2_V )[(q − k)^2 − M̃^2]

, (6.5)

where, in the denominator, we have kept a pseudoscalar Goldstone mass M̃^2 in order to handle the infrared logarithmic divergence which, otherwise, would appear after integration over the q-momentum in (6.3). Here, we are concerned with the limit of eq. (6.5) when k is soft. Then

lim_{k→0} H^{MHA}_V ( q^2, k^2, (q − k)^2 ) = ⟨ψ̄ψ⟩_0 M^2_V − M̃^2

1 −^{Nc}_{8π2}^{M 2V}_{F 20} q^2 − M^2_V + N_c 8π^2

M^2_V F^2_0 −

M̃ 2 M^2_V

q^2 − M̃^2

. (6.6)

– 15 –

The integral over the momentum q can now be made, very much the same way as the calculation of the anomalous contribution in eq. (3.5), with the result

F_2(0)|_{long} = − G_F √ 2 m^2_μ 8π^2 α π 4 9 16π^2m_s⟨ψ̄ψ⟩_0 M^4_V 1 1 −^{M̃ 2}_{M 2V}

∫_1 0 dxx^2 ∫_1 0 dyy ×

× ( 1 − N_c 8π^2

M^2_V F^2_0 ) 1 x(1−y) +^{m2μ}_{M 2V} (1−x)^2 1 − m^{2μ} M^2_V

(1−x)^2 x(1−y) +^{m2μ}_{M 2V} (1−x)^2 +

+ ( N_c 8π^2

M^2_V F^2_0 − M̃ 2 M^2_V ) M^2_V M̃ 2 1 x(1−y) +^{m2μ}_{M̃ 2} (1−x)^2 ×

× 1 − m^{2μ} M̃ 2

(1−x)^2 x(1−y) +^{m2μ}_{M̃ 2} (1−x)^2

. (6.7)

In the approximation where m^2_μ ≪ M^2_V , m^2_μ ≪ M̃^2, and keeping only logarithmic terms and constant terms, we get

F_2(0)|_{long} = G_F √ 2 m^2_μ 8π^2 α π 4 9 8π^2F^2_0 M^2_V

× (6.8) × { N_c 8π^2

M^2_V F^2_0

M^2_K M̃ 2 ( log M̃ 2 m^2_μ + 1 2 ) + [ 1 − N_c 8π^2

M^2_V F^2_0 ] M^2_K M^2_V

M^2_V M^2_V − M̃^2 log M^2_V M̃ 2 } , where we have used the current algebra relation m_s⟨ψ̄ψ⟩_0 ≃ −F^2_0 M^2_K . For the numerical evaluation, we take F_0 = 0.087 GeV, M_K = 0.498 GeV, M_V = 0.770 GeV and let M̃ vary in the range^2_3 M^2_K ≤ M̃^2 ≤^4_3 M^2_K , which includes the values of the η and η^′ masses induced by m_s ≠ 0. This results in the value

F_2(0)|_{long} =

G_F √ 2 m^2_μ 8π^2 α π × (4.57 ± 1.17 ± 1.37) , (6.9)

where the first error is the one from the variation of M̃ and the second one is a 30% systematic error from the MHA approach. This result represents a positive contribution, smaller than the contribution from the anomaly, but much larger than the one from the transverse part of the hadronic ⟨VAV ⟩ Green’s function in the chiral limit.

Finally, we still have to consider possible chiral corrections in the evaluation of the transverse term W̃^{trans}_{μνρ} (q, k); i.e., terms linear in quark masses which may contribute to the invariant function W (Q^2) in eq. (3.4). The chiral corrections which are potentially important are those which modify the asymptotic behaviour of the function W (Q^2) in eq. (4.7) to a less sharp behaviour. The calculation of the leading behaviour, 1/Q^4 in this case, is technically rather involved and we have relegated it to the appendix C, where it is shown that lim Q^2→∞ W (Q^2) = − 4 9 1 M^2_ρ (4m_u − m_d − m_s)⟨ψ̄ψ⟩_0 Q^4 + 16 9 π^2 α_s π 1 M^2_ρ ⟨ψ̄ψ⟩^2_0 Q^6

, (6.10)

where chiral corrections to the O(1/Q^6) term and higher order terms have been neglected.

– 16 –

With W (Q^2) =^1_{M 2ρ} w(z) and z ≡^{Q2}_{M 2ρ} , we now have to construct the corresponding MHA to large-N_c QCD for the meromorphic function w(z). From the leading OPE behaviour above, it follows that the minimum number of poles required is now p = 2. The resulting w(z) function is then

w(z)|_{MHA} = R_m (z + 1)(z + 1/g_A)

, with R_m = − 4 9 (4m_u − m_d − m_s)⟨ψ̄ψ⟩_0 M^4_ρ

, (6.11)

which leads to an anomalous magnetic moment contribution

F_2(0)|^{MHA}_{trans} = −

G_Fm^2_μ √ 2 α 2π g_A 1 − g_A log ( 1 g_A ) R_m . Neglecting m_u and m_d with respect to m_s, and using again the current algebra relation −m_s⟨ψ̄ψ⟩_0 ≃ F^2_0 M^2_K , we obtain (with g_A = 1/2, F_0 = 0.087 GeV, M_K = 0.498 GeV)

F_2(0)|^{MHA}_{trans} ≃

G_F √ 2 m^2_μ 8π^2 α π log 2

16π^2F^2_0 9M^2_ρ

M^2_K M^2_ρ = G_F √ 2 m^2_μ 8π^2 α π × 0.065 . (6.12)

In this case, however, we know that the MHA in eq. (6.11) fails to reproduce the O(1/Q^6) term in the OPE, which we know is there, even in the chiral limit. In order to take into account this information, we can go now one step further beyond the MHA and incorporate three poles, like in eq. (5.3) with the residues constrained now by short-distance behaviour as follows:

α_1 + β_1 + α_2 = 0 ,

α_1 + 1 g_A β_1 + r^′α_2 = −R_m ,

α_1 + 1 g^2_A β_1 + r^{′2}α_2 = R .

The resulting w(z) function in this improved case is shown in figure 6, in 10^{−3} units (the continuous curve). For the sake of comparison, we also show in the same figure and in the same units the curve corresponding to the MHA in eq. (6.11) (the dashed curve). The integral over z in the improved case can still be done analytically and, neglecting terms of O (_{m2μ} M^2_Z log

M^2_Z m^2_μ ) , we get

F_2(0)|^{HA3−poles}

trans = −

G_Fm^2_μ √ 2 α 2π { [R_m + (R + R_m)g_A] log r^′ (1 − g_Ar^′)(r^′ − 1) + [R + (1 + r^′)R_m] g^2_A log g_A (1 − g_A)(1 − g_Ar^′) }

= G_F √ 2 m^2_μ 8π^2 α π × (0.04 ± 0.02) . (6.13)

As expected, the effect of including the 1/Q^6 terms in the asymptotic behaviour of the W (Q^2) function reduces the integral, but the sign is still the same as in the MHA approximation result in eq. (6.12). The final error we quote is a very generous estimate of the systematic errors.

– 17 –

Figure 6: Shape of the functions w(z) (in 10^{−3} units) in the hadronic approximation to large-N_c with 3-poles (the continuous curve) and in the minimal hadronic approximation with 2-poles in eq. (6.11) (the dashed curve).

7. Results and conclusions

The normalization reference of the electroweak contributions to the muon anomaly is the one-loop result [36]–[40]

a^{W(1)}_μ =

G_F √ 2 m^2_μ 8π^2 [ 5 3 + 1 3 ( 1 − 4 sin^2 θ_W

)_2 + O ( m^2_μ M^2_Z log M^2_Z m^2_μ ) + O ( m^2_μ M^2_H log M^2_H m^2_μ )] , where the weak mixing angle is defined by sin^2 θ_W = 1 − M^2_W /M^2_Z . Numerically, with G_F = 1.16639(1) × 10^{−5} GeV^{−2} and sin^2 θ_W = 0.224,

a^{W(1)}_μ = 19.48 × 10^{−10} ,

while we recall that the present world average experimental error in the determination of the muon anomaly is Δa_μ|_{Exp.} = ±15.1 × 10^{−10} , and, hoping for a continuation of the BNL experiment, it is expected to be further reduced by still a factor of four. A theoretical effort on the evaluation of the two-loop electroweak corrections is therefore justified.

It is convenient to separate the two-loop electroweak contributions into two sets of Feynman graphs: those which contain closed fermion loops, which we denote by a^{EW (2)} μ (ferm), and the others which we denote by a^{EW (2)}_μ (bos). In this notation, the electroweak contribution to the muon anomalous magnetic moment is

a^{EW}_μ = a^{W (1)}_μ + a^{EW (2)}_μ (bos) + a^{EW (2)}_μ (ferm) . (7.1)

We shall review the calculation of these two-loop contributions separately.

– 18 –

7.1 Bosonic contributions

The leading logarithmic terms of the two-loop electroweak bosonic corrections have been extracted using asymptotic expansion techniques (see e.g. ref. [41].) In fact, these contributions have now been evaluated analytically, in a systematic expansion in powers of sin^2 θ_W , up to O[(sin^2 θ_W )^3], where log^{M 2W}_{m2μ} terms, log^{M 2H}_{M 2W} terms,^{M 2W}_{M 2H} log^{M 2H}_{M 2W} terms,^{M 2W}_{M 2H} terms and constant terms are kept [42]. Using sin^2 θ_W = 0.224 and M_H = 250 GeV, the authors of ref. [42] find a^{EW (2)} μ (bos) =

G_F √ 2 m^2_μ 8π^2 α π × [ −5.96 log

M^2_W m^2_μ

+ 0.19 ] = G_F √ 2 m^2_μ 8π^2 α π × (−78.9) . (7.2)

7.2 Fermionic contributions

The discussion of the two-loop electroweak fermionic corrections is more delicate. As already mentioned in the introduction, because of the cancellation between lepton loops and quark loops in the electroweak U(1) anomaly, one cannot separate hadronic effects from leptonic effects any longer. In fact, as discussed in refs. [22, 23], it is this cancellation which eliminates some of the large logarithms which, were incorrectly kept in ref. [21]. It is therefore appropriate to separate the two-loop electroweak fermionic corrections into two classes: One is the class arising from Feynman diagrams like in figure 1, with both leptons and quarks in the shaded blob, including the graphs where the Z lines are replaced by Φ^0 lines, if the calculation is done in the ξ_Z -gauge. We denote this class by a^{EW (2)}_μ (l, q). The other class is defined by the rest of the diagrams, where quark loops and lepton loops can be treated separately, which we call it a^{EW (2)}_μ (ferm-rest) i.e., a^{EW (2)} μ (fer) = a^{EW (2)}_μ (l, q) + a^{EW (2)}_μ (ferm-rest) .

The contribution from a^{EW (2)}_μ (ferm-rest) brings in m^2_t /M^2_W factors. It has been estimated, to a very good approximation, in ref. [23] with the result a^{EW (2)} μ (ferm-rest) =

G_F √ 2 m^2_μ 8π^2 α π × [ 1 2 sin^2 θ_W ( − 5 8 m^2_t M^2_W

− log m^2_t M^2_W − 7 3 ) + Δ_{Higgs} ] , where Δ_{Higgs} denotes the contribution from diagrams with Higgs lines, which the authors of ref. [23] estimate to be Δ_{Higgs} = −5.5 ± 3.7 ,

and therefore, a^{EW (2)} μ (ferm-rest) =

G_F √ 2 m^2_μ 8π^2 α π × (−21 ± 4) . (7.3)

Let us finally discuss the contributions to a^{EW (2)}_μ (l, q) which are the ones relevant to the topic of this paper. Here, it is convenient to treat the contributions from the three generations separately. The contribution from the third generation can be calculated in a

– 19 – straightforward way, with the result [22, 23] a^{EW (2)} μ (τ, t, b) = G_F √ 2 m^2_μ 8π^2 α π × [ −3 log

M^2_Z m^2_τ

− log

M^2_Z m^2_b − 8 3 log m^2_t M^2_Z + 8 3 + O ( M^2_Z m^2_t log m^2_t M^2_Z )]

= G_F √ 2 m^2_μ 8π^2 α π × (−30.6) . (7.4)

In fact the terms of O(^{M 2Z}_{m2t} log^{m2t}_{M 2Z} ) and O(M^2_Z /m^2_t ) have also been calculated in ref. [23]. There are in principle QCD perturbative corrections to this estimate, which have not been calculated, but the result in eq. (7.4) is good enough for the accuracy required at present.

As emphasized in ref. [22], an appropriate QCD calculation when the quark in the loop of figure 1 is a light quark should take into account the dominant effects of spontaneous chiral symmetry breaking. Since this involves the u and d quarks, as well as the second generation s quark, we lump together the contributions from the first and second generation with the result, a^{EW (2)} μ (e, μ, u, d, s, c) = G_F √ 2 m^2_μ 8π^2 α π × { −3 log

M^2_Z m^2_μ − 5 2 − 3 log

M^2_Z m^2_μ + + 4 log

M^2_Z m^2_c − 11 6 + 8 9 π^2 − 8 + + [ 4 3 log M^2_Z m^2_μ + 2 3 + O ( m^2_μ M^2_Z log M^2_Z m^2_μ )] +

+ 4.57 ± 1.80 + 0.04 ± 0.02 } (7.5)

= G_F √ 2 m^2_μ 8π^2 α π × (−28.5 ± 1.8) , (7.6)

where the first line in eq. (7.5) shows the result from the e-loop and the second line the result from the μ-loop and the c-quark, which is treated as a heavy quark (m_c = 1.5 GeV). The first term in brackets in the third line is the one induced by the anomalous term in the hadronic ⟨VAV ⟩ Green’s function. The second term is the one induced by the leading effects of explicit chiral symmetry breaking in the non-anomalous longitudinal component of the ⟨VAV ⟩ Green’s function discussed in section 6 (the result in eq. (6.9)). The third term is the one induced by the transverse component of the ⟨VAV ⟩ Green’s function, evaluated in the presence of the light quark masses and in the HA with 3 poles to large-N_c QCD (the result in eq. (6.13)).

We want to stress that our result in eq. (7.5) for the contribution from the first and second generations of quarks and leptons is conceptually very different to the corresponding one proposed in ref. [23], a^{EW (2)} μ (e, μ, u, d, s, c) = G_F √ 2 m^2_μ 8π^2 α π [ −3 log

M^2_Z m^2_μ

+ 4 log

M^2_Z m^2_u

− log

M^2_Z m^2_d − 5 2 − 6 − − 3 log

M^2_Z m^2_μ

+ 4 log

M^2_Z m^2_c

− log

M^2_Z m^2_s − 11 6 + 8 9 π^2 − 6 ] ,

– 20 –

= G_F √ 2 m^2_μ 8π^2 α π × (−31.9) . (7.7)

where the light quarks are, arbitrarily, treated the same way as heavy quarks, with m_u = m_d = 0.3 GeV, and m_s = 0.5 GeV. Although, numerically, the two results turn out to be not too different, the result in eq. (7.7) follows from a hadronic model which is in contradiction with basic properties of QCD. The constituent quark model used to derive this result violates the current algebra Ward identity (A.1) derived in appendix A. Furthermore, as discussed in the text, the model does not reproduce the QCD short-distance behaviour for the underlying ⟨VAV ⟩ Green’s function. These facts are at the origin of the spurious cancellation of the log M_Z terms in eq. (7.7). A more detailed discussion of this issue can be found in appendix D.

Putting together the numerical results in eqs. (7.2), (7.3), (7.4) with the new result in eq. (7.6), we finally obtain the value a^{EW}_μ = G_F √ 2 m^2_μ 8π^2 [ 5 3 + 1 3 ( 1 − 4 sin^2 θ_W

)_2 − (α π ) (159 ± 4) ] = (15.2 ± 0.1) × 10^{−10} ,

which shows that the two-loop correction represents indeed a reduction of the one-loop result by an amount of 22%. The final error here does not include higher order electroweak estimates [43].

Acknowledgments

This work has been partly supported by TMR, EC-Contracts No. ERBFMRX-CT980169 (EURODAΦNE), HPRN-CT-2002-00311 (EURIDICE) and the France-Spain action intégrée “Picasso”. The work of S.P. is also supported by CICYT-AEN99-0766, CICYT- FEDER-FPA2002-00748 and 2001 SGR00188.

A. Ward identities and gauge invariance

The hadronic Green’s function in eq. (2.1) is a combination of QCD three-point functions involving the vector and axial vector currents

V^a_μ (x) = ( ψ λ^a 2 γ_μψ ) (x) , and A^a_μ(x) = ( ψ λ^a 2 γ_μγ_5ψ ) (x) , of the algebra of currents, where λ^a denotes the flavour Gell-Mann matrices defined after eq. (4.6). More precisely, with

T^a_{μν;α}(q_1, q_2) = i ∫ d^4x_1d^4x_2 e^{i(q1·x1+q2·x2)}⟨Ω | T{V^{em}_μ (x_1)V^{em}_ν (x_2)A^a_α(0)} | Ω⟩ ,

where V^{em}_μ (x) = V^3_μ (x) + 1 √ 3 V^8_μ (x) ,

the relation is the following i 2 W_{μαν} (q, k) = T^3_{μν;α}(q, −k) + 1 √ 3 T^8_{μν;α}(q, −k) − 1 √ 6 T^0_{μν;α}(q, −k) .

– 21 –

A.1 Current algebra Ward identities For a = 0, 3, 8, one has the following Ward identities:^{10}

(q_1 + q_2)^α T^a_{μν;α}(q_1, q_2) = − N_c 12π^2

C^a ϵ_{μνρσ} q^ρ_1 q^σ_2 + ∫ d^4x_1d^4x_2 e^{i(q1·x1+q2·x2)}⟨Ω | T{V^{em}_μ (x_1)V^{em}_ν (x_2)D^a_5 (0)} | Ω⟩ + + 1 8π^2 tr ( λ^a 2 ) × ∫ d^4x_1d^4x_2 e^{i(q1·x1+q2·x2)} ×

× ⟨Ω|T{V^{em}_μ (x_1)V^{em}_ν (x_2)(G ~G)(0)}|Ω⟩ ,(A.1)

with C^3 = 1, C^8 = 1/ √ 3, C^0 = 2 √ 2/3. Furthermore,

D^a_5 ≡ d^{abc}M^bP^c , with P^a = ψiγ_5 λ^a 2 ψ , and M^3 = m_u − m_d , M^8 = 1 √ 3 (m_u + m_d − 2m_s) , M^0 = √ 2 3 (m_u + m_d + m_s) .

Also (G ~G) = α_s ϵ_{μνρσ} 8∑ A=1 G^{(A)μν} G^{(A)ρσ} , with G^{(A)μν} the gluon field strength tensor. Owing to the fact that

{q^μ_1 ; q^ν_2 } ∫ d^4x_1d^4x_2 e^{i(q1·x1+q2·x2)} ⟨Ω | T{V^{em}_μ (x_1)V^{em}_ν (x_2)(G ~G)(0)} | Ω⟩ = 0 ,

{q^μ_1 ; q^ν_2 } ∫ d^4x_1d^4x_2 e^{i(q1·x1+q2·x2)} ⟨Ω | T{V^{em}_μ (x_1)V^{em}_ν (x_2)D^a_5 (0)} | Ω⟩ = 0 ,

the above Ward identity can be solved as follows:

T^a_{μν;α}(q_1, q_2) =

(q_1+q_2)_α (q_1+q_2)^2 { − N_c 12π^2

C^a ϵ_{μνρσ} q^ρ_1 q^σ_2 + + 1 8π^2 tr ( λ^a 2 ) ∫ d^4x_1d^4x_2 e^{i(q1·x1+q2·x2)} ×

× ⟨Ω | T{V^{em}_μ (x_1)V^{em}_ν (x_2)(G ~G)(0)} | Ω⟩ + + ∫ d^4x_1d^4x_2e^{i(q1·x1+q2·x2)}⟨Ω|T{V^{em}_μ (x_1)V^{em}_ν (x_2)D^a_5 (0)}|Ω⟩ } + +T^a_{μν;α}(q_1, q_2) , (A.2)

where the tensor T^a_{μν;α}(q_1, q_2) is now completely transverse,

{q^μ_1 ; q^ν_2 ; (q_1 + q_2)^α} T^a_{μν;α}(q_1, q_2) = 0 .

10Recall that we are using the following conventions: ϵ0123 = +1 and γ5 = iγ^0γ^1γ^2γ^3, so that tr(γ5γ0γ1γ2γ3) = 4i.

– 22 –

The first term in eq. (A.2) generates the anomaly term discussed in the text. The second term is the one induced by the axial flavour-singlet U(1) anomaly. This term generates subleading contributions in the 1/N_c-expansion with respect to the other terms; however, because of its flavour singlet nature, the numerical size of its contribution may not necessarily obey the expected 1/N_c-power suppression. However, in our case, the source of the hadronic axial current is the one induced by the Z-boson coupling in the Standard Electroweak Theory, which has a vanishing flavour trace for each generation. Therefore, once the total sum of light and heavy quarks is taken into account, this term does not contribute to the muon anomaly.

The third term in eq. (A.2) is the one induced by the explicit breaking of chiral symmetry by the light quark masses in the QCD lagrangian. We keep it, because it will be pertinent in the forthcoming discussions of electroweak gauge invariance. Notice, for further reference, that

D^3_5 + 1 √ 3 D^8_5 − 1 √ 6 D^0_5 = m_uūiγ_5u − m_dd̄iγ_5d − m_ss̄iγ_5s .

A.2 Electroweak gauge invariance

Due to the conservation of the electromagnetic current, the gauge dependent terms in the photon propagator in the diagrams of figure 1 trigger naive Ward identities on the hadronic γ − γ − Z vertex, and therefore we can take the Feynman gauge for the photon propagator without loss of generality, as we have done in the calculation reported in the text. By contrast, the gauge dependence of the Z-propagator requires some discussion. In the Electroweak Theory, it is convenient to rewrite the Ward identity discussed in the previous subsection in terms of the coupling of the unphysical Higgs field Φ^0(x). More precisely, in the notation used in the text, (q − k)^ν W_{μνρ}(q, k) = −i N_c π^2

C_{had}ϵ_{μραβ} q^αk^β − 2iM_Z W^{(Φ0)}_{μρ} (q, k) . (A.3)

where

C_{had} = ∑ q a_qe^2_q , with a_q = + 1 2 , e_q = + 2 3 , for q = u, c, t a_q = − 1 2 , e_q = − 1 3 , for q = d, s, b , (A.4)

and W^{(Φ0)}_{μρ} (q, k) = ∫ d^4xe^{iq.x} ∫ d^4ye^{−ik.y}⟨Ω |T {V^{em}_μ (x)V^{em}_ρ (y)J^{Φ0} (0)} | Ω⟩ ,

with J^{Φ0} = 2 ∑ q a_q m_q M_Z q̄iγ_5q . This means that in full generality, in the Electroweak Theory, W_{μνρ}(q, k) = −iA ( q^2, k^2, (q − k)^2 ) (q − k)_ν (q − k)^2 ϵ_{μραβ} q^αk^β + W̃^{trans}_{μνρ} (q, k) (A.5)

– 23 – with A ( q^2, k^2, (q − k)^2 ) = N_c π^2

C_{had} − 2M_Z H^{Φ0} ( q^2, k^2, (q − k)^2 ) , (A.6)

where we have set

W^{(Φ0)}_{μρ} (q, k) = ϵ_{μραβ} q^α(−k^β )H^{Φ0} ( q^2, k^2, (q − k)^2 ) . Now, in the calculation corresponding to figure 1, the most general form of the Zpropagator, in a renormalizable linear gauge of the ’t Hooft class, is P^{νν′}_{(ξZ )}(q − k) = −i (q − k)^2 − M^2_Z [ g^{νν′} − (1 − ξ_Z ) (q − k)^ν (q − k)^{ν′} (q − k)^2 − ξ_Z M^2_Z ] = (A.7)

= −i [ g^{νν′} (q − k)^2 − (q − k)^ν (q − k)^{ν′} ] − ξ_Z M^2_Z ( g^{νν′} −^{(q−k)ν (q−k)ν′} M^2_Z ) [ (q − k)^2 − M^2_Z ] [ (q − k)^2 − ξ_Z M^2_Z

] . (A.8)

The unitary gauge, which was used e.g. in ref. [22], is recovered in the limit ξ_Z → ∞, which has to be taken from the start. In the text we have done the calculation in the Feynman gauge ξ_Z = 1. Clearly, there is no contribution to the muon anomaly from the contraction of the gauge dependent piece in the Z-propagator in (A.7) with the fully transverse W̃_{μνρ}(q, k) hadronic tensor. The contribution from the non-transverse term in eq. (A.5) however, is gauge dependent. It selects the second term in the Z-propagator in (A.8), via the contraction P^{νν′}_{(ξZ )}(q − k) × (q − k)_ν (q − k)^2 = −iξ_Z (q − k)^2 − ξ_Z M^2_Z × (q − k)^{ν′} (q − k)^2 . As shown in eq. (A.6) the non-transverse term in eq. (A.5) has two pieces. Let us first discuss the one coming from the anomaly term. For a specific fermion f, the piece coming from the anomaly results in the expression (in the ξ_Z gauge)

F_2(0) | | |^{(f)}_{anom} =

G_F √ 2 m^2_μ 8π^2 α π (4e^2_f a_f ) × [ ln ( ξ_Z M^2_Z m^2_μ ) + 1 2 + O ( m^2_μ M^2_Z log M^2_Z m^2_μ )] , while in the unitarity gauge, the corresponding result is divergent and requires regularization. In dimensional regularization, with λ_{MS} ≡^{μd−4}_{16π2}

[_1 d−4 −^1_2 ( log 4π + 2 + Γ^′(1)) ] , one finds

F_2(0) | |^{(f)}_{anom} =

G_F √ 2 m^2_μ 8π^2 α π (4e^2_f a_f ) × [ log ( μ^2 M^2_Z ) − 32π^2λ_{MS} + log ( M^2_Z m^2_μ ) + 1 2 ] . Recall that in these expressions, when the fermion f is a quark q, a_q and e_q have been defined in eq. (A.4). When f is a lepton l, a_l = −1/2 and e_l = −1. In particular, for f = u, d, s, ∑ u,d,s 4e^2_f a_f = 4N_c 1 2 [ ( 2 3 )_2 + 2 ( −1 3 )_2

(−1) ] = N_c 3 4 3 ,

– 24 – and in the Feynman gauge where ξ_Z = 1, we recover the result of eq. (3.5). Notice also that, in the Standard Theory, the ξ_Z -gauge dependence, or the log(μ^2/M^2_Z ) − 32π^2λ_{MS} dependence in the unitary gauge, cancel when quarks and leptons are taken together generation by generation.

Next, we discuss the gauge dependent piece coming from the term proportional to H^{Φ0} (q^2, k^2, (q − k)^2) in eq. (A.6), i.e. the term P^{νν′}_{(ξZ )}(q − k) × H^{Φ0} (q − k)_ν′ (q − k)^2

= H^{Φ0} −iξ_Z (q − k)^2 − ξ_Z M^2_Z (q − k)^ν (q − k)^2 . This term, when acting on the leptonic line (see eq. (1.3)) triggers a trivial Ward identity: (q − k)_ν { ū(p^′) [ γ^μ i p̸^′− q̸ − m_μ γ^ν γ_5 + γ^ν γ_5 i p̸+ q̸ − m_μ γ^μ ] u(p) } = = −2m_μū(p^′) [ γ^μ i p̸^′− q̸ − m_μ γ_5 + γ_5 i p̸+ q̸ − m_μ γ^μ ] u(p) . (A.9)

The resulting expression:

H^{Φ0} −iξ_Z (q − k)^2 − ξ_Z M^2_Z 1 (q − k)^2

× 2m_μū(p^′) [ γ^μ i p̸^′− q̸ − m_μ γ_5 + γ_5 i p̸+ q̸ − m_μ γ^μ ] u(p) , when added together with the gauge dependent term from the unphysical Higgs contribution to the muon anomaly,

H^{Φ0} i M^2_Z [(q − k)^2 − ξ_Z M^2_Z ]

× 2m_μū(p^′) [ γ^μ i p̸^′− q̸ − m_μ γ_5 + γ_5 i p̸+ q̸ − m_μ γ^μ ] u(p) , results in an overall gauge independent contribution, proportional to

H^{Φ0} i M^2_Z (q − k)^2

× 2m_μū(p^′) [ γ^μ i p̸^′− q̸ − m_μ γ_5 + γ_5 i p̸+ q̸ − m_μ γ^μ ] u(p) . (A.10)

In the unitary gauge, there are no unphysical Higgs couplings and the piece coming from the term proportional to H^{Φ0} in eq. (A.6) generates the factor

H^{Φ0} −i g^{νν′} −^{(q−k)ν (q−k)ν′} M^2_Z

(q − k)^2 − M^2_Z × (q − k)_ν′ (q − k)^2

= H^{Φ0} i M^2_Z (q − k)^2 (q − k)^ν ,

which, after contraction with the leptonic line, produces an expression identical to the one in eq. (A.10).

B. Technical remarks on the OPE in the chiral limit

As already mentioned in the text, the relevant OPE is the one of the product of the two currents V^{em}_μ (x)A^{nc}_ν (y) in eq. (2.1) when x → y, because these are the currents where the hard virtual momentum q can get through. There are two types of contributions to discuss in the chiral limit.

– 25 –

B.1 Contribution from soft gluons

These are the contributions generated by the term lim_{q→∞} ∫ d^4ze^{iq.z} T { V^{em}_μ (z)A^{nc}_ν (0) } . = : q̄^i(0)γ_μ Q iS^{ij} (q)γ_ν γ_5Q^{(3)}_L q^j(0) : +

+ : q̄^j(0)γ_ν γ_5Q^{(3)}_L iS̃^{ji}(q)γ_μQ q^i(0) : (B.1)

in the perturbative Wick-expansion (i, j denote quark color indices) when the short-distance expansion of the quark propagator^{11} is inserted: iS^{ij} (q) = ∫ d^4z e^{iq·z} iS^{ij} (z, 0) (B.2) = δ^{ij} i q̸ − i q^α q^4 g_sG̃^{ij}_{αβ} γ^β γ_5 + + 2i 3 g_s 1 q^6 [ q^2D^αG^{ij}_{αβ} γ^β− q̸D^αG^{ij}_{αβ} q^β − q^γ D_γ q^αG^{ij}_{αβ} γ^β − 3iq^γ D_γ q^αG̃^{ij}_{αβ} γ^βγ_5 ] + (B.3) +O ( 1 q^5 ) , where (A is a color index in the adjoint representation) G^{ij}_{αβ} = 1 2 ∑ A λ^A_{ij} G^{(A)}_{αβ} (0) , G̃^{ij}_{αβ} = 1 2 ϵ_{αβρσ} G^{ρσ}_{ij} .

The terms of lowest dimension in the short-distance expansion of the quark propagator in eq. (B.2) which can contribute (a priori) to a tensor structure like the one in eq. (4.2) are those with two uncontracted powers of q-momenta in the numerator i.e., the last three terms in eq. (B.3). However, these terms, as far as their Dirac structure is concerned, are all proportional to one gamma matrix or to γ^βγ_5, (the last term). Therefore, when inserted in the r.h.s. of eq. (B.1), and taking into account that

Q Q^{(3)}_L = Q^{(3)}_L Q = 1 3 diag(2, 1, 1) ,

plus the identity γ_μγ_ργ_ν = g_{μρ}γ_ν + g_{ρν} γ_μ − g_{μν} γ_ρ − iϵ_{μρνδ} γ^δγ_5 , (B.4)

one finds that these terms cannot produce an antisymmetric tensor in the μ and ν indices. We then conclude that there is no contribution from soft-gluons with the tensor structure of eq. (4.2) with a power p ≤ 3.

B.2 Contribution from hard gluons

Expanding the T -product in eq. (4.1) in perturbation theory to O(g^2_s ) generates the fol-

11See e.g. eq. (2.34) in ref. [44]. Notice that iS̃^{ji}(q) = ∫ d^4ze^{−iq·z} iS̃^{ji}(0, z).

– 26 – lowing operator

U_{μν} (q) = i^2 2! g^2_s lim_{q→∞} ∫ d^4z e^{iq·z} ∫ d^4x ∫ d^4y × ×T { : ψ̄_i(x)γ^α λ^A_{ij} 2 G^{(A)}_α (x)ψ_j (x) :: ψ̄_k(y)γ^β λ^B_{kl} 2 G^{(B)}_β (y)ψ_l(y) :

: q̄(z)γ_μQq(z) :: q̄(0)γ_ν γ_5Q^{(3)}_L q(0) : } . The contraction of the two gluon fields generates four possible classes of hard topologies illustrated in figure 3 above. Using the identity ∑ A λ^A_{ij} 2 λ^A_{kl} 2 = 1 2 ( δ_{il}δ_{jk} − 1 N_c δ_{ij} δ_{kl} ) , and the fact that the second term in this identity generates subleading terms in the 1/N_cexpansion, the contributions from the four hard topologies can be written as follows:

U^{(1)}_{μν} (q) | |_{q→∞} = −i i^2 2! g^2_s 1 q^6 g^{αβ} : { q̄^i (S_{μα} − A_{μα}) Q ψ^j q̄^j (S_{νβ} − A_{νβ}) T_3 γ_5ψ^i } (0) :

U^{(2)}_{μν} (q) | | |_{q→∞} = −i i^2 2! g^2_s 1 q^6 g^{αβ} : {¯ ψ^i (S_{μα} + A_{μα}) Q q^j ψ̄^j (S_{νβ} + A_{νβ} ) T_3 γ_5q^i } (0) :

U^{(3)}_{μν} (q) | | q→∞ = +i i^2 2! g^2_s 1 q^6 g^{αβ} : { q̄^i (S_{μα} − A_{μα}) Q ψ^j ψ̄^j (S_{νβ} + A_{νβ} ) T_3 γ_5q^i } (0) :

U^{(4)}_{μν} (q) | | |_{q→∞} = +i i^2 2! g^2_s 1 q^6 g^{αβ} : {¯ ψ^i (S_{μα} + A_{μα}) Q q^j q̄^j (S_{νβ} − A_{νβ}) T_3 γ_5ψ^i } (0) :

where S_{μα} and A_{μα} denote the tensors: S_{μα} = q_μγ_α + q_αγ_μ − g_{μα} q̸ , and A_{μα} = iq^ηϵ_{μηασ} γ^σγ_5 . Only the antisymmetric tensors contribute in the total sum, with the result U_{μν} (q)|_{q→∞} = −i i^2 2! g^2_s 1 q^6 g^{αβ} 4(i)^2q^ηq^λ ϵ_{μηασ} ϵ_{νλβρ}(q̄^iγ^σγ_5Qψ^j )(q̄^j γ^ρT_3ψ^i)(0) .

Fierzing the resulting four-quark operator, using the relevant terms of the identity

(q̄^iγ^αγ_5q^j )(ψ̄^j γ^β ψ^i) = − 1 8 ϵ^{αβρσ}[(q̄ψ)(ψ̄σ_{ρσ}q) + (q̄σ_{ρσ}ψ)(ψ̄q)] + · · · , and contracting two of the epsilon tensors (using the correct sign!) one finally gets the result U_{μν} (q) = i [q_δϵ_{μναβ} q^α − q_βϵ_{μναδ}q^α] ( −2π^2 α_s π ) Oβδ(0) (Q^2)^3 + · · · ; with O^{βδ}(0) the tensor

O^{βδ}(0) = [ 2 3 ( ūσ^{βδ}u ) (ūu) + 1 3 ( d̄σ^{βδ}d ) ( d̄d) + 1 3 ( s̄σ^{βδ}s ) (s̄s) ] (0) .

– 27 –

C. The OPE beyond the chiral limit

In the presence of quark masses, there are two types of terms that one has to consider in the evaluation of the function in eq. (4.1). (Recall that the relevant terms in the OPE are those with the explicit tensor structure shown in eq. (4.2).) There are terms of O(m) from the expansion of the quark propagator: 1 q̸ − m = 1 q̸ + 1 q̸ m 1 q̸ + O(m^2) ,

and terms from the Taylor expansion of the quark field

q(x) = q(0) + x^σD_σq(0) + · · · .

The first type expansion leads to a potential contribution: U_{μν} (q)|_m = iϵ_{μναβ} 1 Q^2 q̄(0)σ^{αβ} MQQ^{(3)}_L q(0) , (C.1)

where M denotes the quark mass matrix

M = diag(m_u, m_d, m_s) . (C.2)

This contribution, however, does not have the two powers of q-momentum required by the tensor structure in eq. (4.2).

The Taylor expansion from the quark field leads to the operator

U_{μν} (q)|_q = D_ρq̄(0)γ_μ γ^ρq^2 − 2 q̸q^ρ Q^4 γ_ν γ_5QQ^{(3)}_L q(0) − q̄(0)γ_ν γ_5 γ^ρq^2 − 2 q̸q^ρ Q^4 γ_μQ^{(3)}_L Q D_ρq(0) . (C.3) Using the Dirac equation (iD^ργ_ρ − M)q = 0 , (C.4) the terms proportional to γ^ρ in eq. (C.3) lead to the operator U_{μν} (q)|_γρ = − 2 Q^2 [ D_μq̄(0)γ_ν γ_5QQ^{(3)}_L q(0) − q̄(0)γ_ν γ_5QQ^{(3)}_L D_μq(0) ] , (C.5)

where we have used the fact that terms ∼ σ^{αβ} cancel with those from the quark-propagator contribution in eq. (C.1). The other terms in eq. (C.3) are proportional to q̸ , and lead to the following combination of operators U_{μν} (q)|_{q̸} = − 2 Q^4 { iq_βϵ_{μναδ} q^α ( D^βq̄(0)γ^δ QQ^{(3)}_L q(0) + q̄(0)γ^δ QQ^{(3)}_L D^βq(0) ) + + q^β(q_μδ^β_δ − g_{μν} q^δ + q_νδ^δ_μ) ( D_βq̄(0)γ_δ γ_5QQ^{(3)}_L q(0) −

− q̄(0)γ_δ γ_5QQ^{(3)}_L D_β q(0) )} . (C.6)

When inserting the operators U_{μν} (q)|_γρ and U_{μν} (q)|_{q̸} in the T -product in the r.h.s. of eq. (2.1) there appear the following two-point functions

Ξ^{βδ}_ρ(k) = ∫ d^4ye^{−ik·y}⟨Ω|T {( D^βq̄γ^δQQ^{(3)}_L q + q̄γ^δQQ^{(3)}_L D^βq ) (0)V^{em}_ρ (y) } |Ω⟩ , (C.7)

– 28 – and Δ_{βδρ}(k) = ∫ d^4ye^{−ik·y}⟨Ω|T {( D_β q̄γ_δγ_5QQ^{(3)}_L q − q̄γ_δγ_5QQ^{(3)}_L D_β q ) (0)V^{em}_ρ (y) } |Ω⟩ . (C.8) Lorentz covariance and gauge invariance of the electromagnetic current restrict these twopoint functions to the following decomposition^{12}

Ξ_{βδρ}(k) = −(g_{δρ}k^2 − k_δ k_ρ)k_β Π_V ′_V (k^2) , (C.9) and Δ_{βδρ}(k) = iϵ_{βρδα}k^αΠ_A′_V (k^2) . (C.10) We can now obtain the asymptotic behaviour of the Green’s function W_{μνρ}(q, k) defined in eq. (2.1) in terms of the invariant functions Π_V ′_V (k^2) and Π_A′_V (k^2), with the result lim_{q→∞} W_{μνρ}(q, k) = − 2i Q^2 ϵ_{μρνα}k^αΠ_A′_V (k^2) − − 2i Q^4 { (q_μϵ_{βρνα} + q_ν ϵ_{βρμα}) q^βk^αΠ_A′_V (k^2) + + ϵ_{μανβ} ( δ^β_ρ k^2 − k^δk_β ) q^α(q · k)Π_V ′_V (k^2) } . (C.11)

The next step consists in extracting from the expression in eq. (C.11) the transverse component: lim_{q→∞} W^{trans}_{μνρ} (q, k), defined in eq. (2.6). Taking the derivative with respect to the k-momentum, as defined in eq. (2.6), we finally get lim_{q→∞} W_{μνρσ} (q) = − 2i Q^4 [q_ρϵ_{μνασ}q^α − q_σϵ_{μναρ}q^α] Π_A′_V (0) . It follows then that the asymptotic behaviour of the function W (Q^2), in the presence of quark masses, is given by lim Q^2→∞ W (Q^2) = − 2 Q^4

Π_A′_V (0) .

What do we know about Π_A′_V (0)? It turns out that the invariant functions Π_A′_V (k^2), Π_V ′_V (k^2) defined in eqs. (C.9), (C.10) and the invariant function Π_{V T} (k^2) defined in eq. (4.6) are not independent. This can be seen starting with the identity iq̄σ_{αβ}MQQ^{(3)}_L q = 1 2 ( D^ρq̄γ_ρσ_{αβ} QQ^{(3)}_L q − q̄σ_{αβ}γ_ρQQ^{(3)}_L D^ρq ) , which follows from the Dirac equation (C.4), and using the Dirac algebra identity in eq. (B.4) which brings in the relevant operators. The resulting relation, to lowest order in the quark masses, is

2 tr ( MQQ^{(3)}_L Q ) Π_{V T} (k^2) = 1 2 k^2Π_V ′_V (k^2) + Π_A′_V (k^2) ,

which at k^2 = 0 reduces to

Π_A′_V (0) = 2 9 (4m_u − m_d − m_s)Π_{V T} (0) .

12There is in fact a second possible term in Ξ_{βδρ}(k) of the type −(g_{βρ}k^2 − k_β kρ) k_δ Π̃_V ′_V (k^2), which however vanishes as can be seen by contracting the β and ρ indices in the r.h.s. of eq. (C.7), using translation invariance and conservation of V^{em}_ρ .

– 29 –

D. On the presence of log M_Z terms in a^{EW (2)}μ (e, μ, u, d, s, c)

We have noticed in section 7.2 that for the two first generations, the log M_Z terms do not cancel in a^{EW (2)}_μ (e, μ, u, d, s, c), see eq. (7.5). This result might appear as puzzling, since in the case of free quarks, which encompasses the constituent quark model, the cancellation of the log M_Z terms in a^{EW (2)}_μ (e, μ, u, d, s, c) occurs, as observed in ref. [23], and as shown in eq. (7.7). However, this latter situation is conceptually very different from the one described by confined light (or even massless) quarks. This difference, that needs perhaps to be explained more in detail, is at the origin of the non-cancellation of the log M_Z contributions in eq. (7.5).

In order to proceed, let us start from eq. (5.7), that we write in a slightly different, but more convenient, form,

w_{χQM}(z) = N_c 12π^2 8 3 g_A M^2_ρ M^2_Q × ∫_1 0 dy ∫_{1−y} 0 dx xy − y(1 − y) 1 +^{Q2}_{M 2Q} y(1 − y) = ∫_∞ −∞ dt 1 t + Q^2 − iε 1 π Im w_{χQM}(t) . (D.1)

The second, i.e. a dispersive form, is obtained upon performing the integration over the Feynman parameter x in the expression on the first line, followed by an obvious change of variable in the remaining integration over y, with the outcome 1 π Im w_{χQM}(t) = − 1 2 M^2_Q t^2 1 √ 1 − 4M^2_Q/t θ(t − 4M^2_Q) ( N_c 12π^2 8 3 g_AM^2_ρ ) . (D.2)

For the case of a massless free fermion, one obtains lim M_Q→0 w_{χQM}(z) = −N_c 12π^2 2 3 g_A M^2_ρ Q^2 − iε , (D.3)

since, as is well known, lim M_Q→0 − 1 2 M^2_Q t^2 1 √ 1 − 4M^2_Q/t θ(t − 4M^2_Q) = − 1 4 δ(t) . (D.4)

Thus, in the massless limit, the function w_{χQM}(z) reduces to a simple pole. This singularity at Q^2 = 0 also provides the 1/Q^2 behaviour at large Q^2, which in turn will lead to the cancellation of the log M_Z terms. Notice also that this asymptotic 1/Q^2 behaviour, and the ensuing cancellation of log M_Z terms, is preserved for a massive fermion, as shown by eq. (5.7) or by the dispersive representation above.

The real question we now have to address is how much of all this can be taken over to QCD. Let us first discuss the chiral limit. One immediate and important observation one has to make in the case of QCD is that the pole we have just discussed in the case of a massless free fermion no longer occurs. Indeed, one may evaluate the relevant threepoint function W_{μνρ}(q_1, q_2) within the effective low-energy chiral lagrangian. The lowest

– 30 – order contribution starts at order O(p^4) and is given by the anomaly pole, as discussed in ref. [22]. At NLO, O(p^6) in this case, we have a counterterm contribution,^{13} which leads to a non vanishing, but constant, value of w(Q^2).^{14} Thus, confinement drastically modifies the long distance behaviour of W (Q^2) as compared to the free fermion case, not really a surprise. It now remains to discuss the short distance aspects. We may write the function w(Q^2) in the dispersive form given before for the free fermion case,

w(Q^2) = ∫_∞ −∞ dt 1 t + Q^2 − iε 1 π Im w(t) , (D.5)

but where now the perturbative QCD part describes the absorbtive part above a certain threshold s_0, which has to be sufficiently large so that perturbative QCD can be applied. Within the large-N_C framework, we may thus write 1 π Im w(t) = 1 π Im w^{Res}(t) + 1 π Im w^{pQCD}(t) . (D.6)

The non perturbative piece from the narrow width resonant states writes 1 π Im w^{Res}(t) = ∑ R M^2_ρ α_Rδ(t − M^2_R) , (D.7)

and M_R the mass of the R narrow state, M^2_R < s_0. The perturbative contribution for a massive light quark with a current algebra mass m_q, to lowest order in perturbative QCD (free quarks, g_A = 1), is 1 π Im w^{pQCD}(t) = − 1 2 m^2_q t^2 1 √ 1 − 4m^2_q/t θ(t − s_0) ( N_c 12π^2 8 3 g_AM^2_ρ ) . (D.8)

This gives then

w(z) = w^{Res}(z) + w^{pQCD}(z) , (D.9)

with

w^{Res}(z) = ∑ R α_R z + z_R , z_R =

M^2_R M^2_ρ ,

w^{pQCD}(z) = − 1 4 M^2_ρ Q^2 1 − √ 1 − 4m^2_q s_0 − 2m^2_q Q^2 log ( 1 + Q^2 s_0 ) + O(m^4_q) ×

× ( N_c 12π^2 8 3 g_A ) (1 + O(α_s)) .

We see here the crucial difference with the constituent quark model, where s_0 would coincide with 4M^2_Q, thus providing the same leading 1/Q^2 short distance behaviour as for a massless

13We stay of within the large-NC framework, hence meson loops can be ignored. 14In terms of the O(p^6) chiral lagrangian constructed for the odd intrinsic parity sector in [45], the relevant low-energy constant is C^W_{22} .

– 31 – free quark. In QCD, the onset of the continuum occurs at a scale s_0 that is much larger than the scale set by the light quark masses, and for s_0 ≫ 4m^2_q , one finds lim_{z→∞} zw^{pQCD}(z) = O(m^2_q) . Thus, in the chiral limit, or if one considers only first order explicit chiral symmetry breaking effects, the short distance behaviour of w(z) in QCD reads as given in eq. (6.10),

lim_{z→∞} w(z) = − 4 9 (4m_u − m_d − m_s)⟨ψ̄ψ⟩_0 Q^4 + 16 9 π^2 α_s π ⟨ψ̄ψ⟩^2_0 Q^6 + · · · . The fact that the leading short distance fall off of w(z) in QCD is 1/z^3 in the chiral limit, or 1/z^2 for massive light quark if only first order order explicit chiral symmetry breaking effects are retained, explains why the cancellation of log M_Z terms no longer occurs in QCD.

We conclude therefore that the cancellation of the log M_Z terms does not occur in QCD in the chiral limit, and by stressing once again very strongly that constituent quark models do not, in general, provide an adequate description of fundamental properties of QCD.

References

[1] Muon g − 2 collaboration, H.N. Brown et al., Precise measurement of the positive muon anomalous magnetic moment, Phys. Rev. Lett. 86 (2001) 2227 [hep-ex/0102017].

[2] A. Czarnecki and W.J. Marciano, The muon anomalous magnetic moment: a harbinger for ‘new physics’, Phys. Rev. D 64 (2001) 013014 [hep-ph/0102122].

[3] M. Davier and A. Höcker, New results on the hadronic contributions to α(M^2_Z ) and to (g − 2)_μ, Phys. Lett. B 435 (1998) 427 [hep-ph/9805470].

[4] F. Jegerlehner, Hadronic contributions to the photon vacuum polarization and their role in precision physics, hep-ph/0104304.

[5] S. Narison, Muon and tau anomalies updated, Phys. Lett. B 513 (2001) 53 [hep-ph/0103199], erratum ibid. B 526 (2002) 414.

[6] J.F. de Trocóniz and F.J. Ynduráin, Precision determination of the pion form-factor and calculation of the muon g − 2, Phys. Rev. D 65 (2002) 093001 [hep-ph/0106025].

[7] G. Cvetič, T. Lee and I. Schmidt, Resummations with renormalon effects for the leading hadronic contribution to the muon (g − 2), Phys. Lett. B 520 (2001) 222 [hep-ph/0107069].

[8] M. Knecht and A. Nyffeler, Hadronic light-by-light corrections to the muon g − 2: the pion-pole contribution, Phys. Rev. D 65 (2002) 073034 [hep-ph/0111058].

[9] T. Kinoshita, B. Nižić and Y. Okamoto, Hadronic contributions to the anomalous magnetic moment of the muon, Phys. Rev. D 31 (1985) 2108.

[10] M. Hayakawa and T. Kinoshita, Pseudoscalar pole terms in the hadronic light-by-light scattering contribution to muon g − 2, Phys. Rev. D 57 (1998) 465 [hep-ph/9708227].

[11] J. Bijnens, E. Pallante and J. Prades, Analysis of the hadronic light-by-light contributions to the muon g − 2, Nucl. Phys. B 474 (1996) 379 [hep-ph/9511388].

– 32 –

[12] J. Bijnens and F. Persson, Effects of different form-factors in meson photon photon transitions and the muon anomalous magnetic moment, hep-ph/0106130.

[13] E. Bartoš, A.Z. Dubnickova, S. Dubnicka, E.A. Kuraev and E. Zemlyanaya, Scalar and pseudoscalar meson pole terms in the hadronic light-by-light contributions to a^{had}_μ ,

hep-ph/0106084v1.

[14] M. Knecht, A. Nyffeler, M. Perrottet and E. de Rafael, Hadronic light by light scattering contribution to the muon g − 2: an effective field theory approach, Phys. Rev. Lett. 88 (2002) 071802 [hep-ph/0111059].

[15] W. Bardeen, private communication.

[16] I. Blockland, A. Czarnecki and K. Melnikov, Pion pole contribution to hadronic light-by-light scattering and muon anomalous magnetic moment, Phys. Rev. Lett. 88 (2002) 071803 [hep-ph/0112117].

[17] M. Ramsey-Musolf and M.B. Wise, Hadronic light-by-light contribution to muon g − 2 in chiral perturbation theory, Phys. Rev. Lett. 89 (2002) 041601 [hep-ph/0201297].

[18] M. Hayakawa and T. Kinoshita, Comment on the sign of the pseudoscalar pole contribution to the muon g − 2, hep-ph/0112102.

[19] J. Bijnens, E. Pallante and J. Prades, Comment on the pion pole part of the light-by-light contribution to the muon g − 2, Nucl. Phys. B 626 (2002) 410 [hep-ph/0112255].

[20] E. Bartoš, A.Z. Dubnickova, S. Dubnicka, E.A. Kuraev and E. Zemlyanaya, Scalar and pseudoscalar meson pole terms in the hadronic light-by-light contributions to a^{had}_μ , Nucl. Phys. B 632 (2002) 330 [hep-ph/0106084v3].

[21] T.V. Kukhto, E.A. Kuraev, Z.K. Silagadze and A. Schiller, The dominant two loop electroweak contributions to the anomalous magnetic moment of the muon, Nucl. Phys. B 371 (1992) 567.

[22] S. Peris, M. Perrottet and E. de Rafael, Two loop electroweak corrections to the muon g − 2:

a new class of hadronic contributions, Phys. Lett. B 355 (1995) 523 [hep-ph/9505405].

[23] A. Czarnecki, B. Krause and W. Marciano, Electroweak fermion loop contributions to the muon anomalous magnetic moment, Phys. Rev. D 52 (1995) 2619 [hep-ph/9506256].

[24] J. Bijnens, C. Bruno and E. de Rafael, Nambu-Jona-Lasinio like models and the low-energy effective action of QCD, Nucl. Phys. B 390 (1993) 501 [hep-ph/9206236]; For a critical review and update of this type of models see S. Peris, M. Perrottet and E. de Rafael, Matching long and short distances in large-N_c QCD, J. High Energy Phys. 05 (1998) 011 [hep-ph/9805442].

[25] E. de Rafael, Large-N_c QCD and low energy interactions, AIP Conf. Proc. 602 (2001) 14 [hep-ph/0110195].

[26] M. Knecht, S. Peris and E. de Rafael, The electroweak π^+-π^0 mass difference and weak matrix elements in the 1/N_c expansion, Phys. Lett. B 443 (1998) 255 [hep-ph/9809594].

[27] M. Knecht, S. Peris, M. Perrottet and E. de Rafael, Decay of pseudoscalars into lepton pairs and large-N_c QCD, Phys. Rev. Lett. 83 (1999) 5230 [hep-ph/9908283].

[28] S. Peris and E. de Rafael, K^0-K̄^0 mixing in the 1/N_c expansion, Phys. Lett. B 490 (2000) 213 [hep-ph/0006146].

– 33 –

[29] M. Golterman and S. Peris, The 7/11 rule: an estimate of m_ρ/f_π, Phys. Rev. D 61 (2000) 034018 [hep-ph/9908252].

[30] M. Knecht, S. Peris and E. de Rafael, A critical reassessment of Q_7 and Q_8 matrix elements, Phys. Lett. B 508 (2001) 117 [hep-ph/0102017].

[31] S. Narison, G. Shore and G. Veneziano, A sum rule for the polarized photon structure function g^γ_1 , Nucl. Phys. B 391 (1993) 69.

[32] M. Knecht and A. Nyffeler, Resonance estimates of O(p^6) low-energy constants and QCD short-distance constraints, Eur. Phys. J. C 21 (2001) 659 [hep-ph/0106034].

[33] E.T. Whittaker and G.N. Watson, A course of modern analysis, 4th edition Cambridge University Press, Cambridge 1965.

[34] M. Knecht and E. de Rafael, Patterns of spontaneous chiral symmetry breaking in the large-N_c limit of QCD-like theories, Phys. Lett. B 424 (1998) 335 [hep-ph/9712457].

[35] G. Ecker, J. Gasser, H. Leutwyler, A. Pich and E. de Rafael, Chiral lagrangians for massive spin 1 fields, Phys. Lett. B 223 (1989) 425.

[36] W.A. Bardeen, R. Gastmans and B.E. Lautrup, Static quantities in Weinberg’s model of weak and electromagnetic interactions, Nucl. Phys. B 46 (1972) 319.

[37] G. Altarelli, N. Cabbibo and L. Maiani, The Drell-Hearn sum rule and the lepton magnetic moment in the Weinberg model of weak and electromagnetic interactions, Phys. Lett. B 40 (1972) 415.

[38] R. Jackiw and S. Weinberg, Weak interaction corrections to the muon magnetic moment and to muonic atom energy levels, Phys. Rev. D 5 (1972) 2396.

[39] I. Bars and M. Yoshimura, Muon magnetic moment in a finite theory of weak and electromagnetic interaction, Phys. Rev. D 6 (1972) 374.

[40] M. Fujikawa, B.W. Lee and A.I. Sanda, Generalized renormalizable gauge formulation of spontaneously broken gauge theories, Phys. Rev. D 6 (1972) 2923.

[41] V.A. Smirnov, Asymptotic expansions in momenta and masses and calculation of Feynman diagrams, Mod. Phys. Lett. A 10 (1995) 1485 [hep-th/9412063].

[42] A. Czarnecki, B. Krause and W.J. Marciano, Electroweak corrections to the muon anomalous magnetic moment, Phys. Rev. Lett. 76 (1996) 3267 [hep-ph/9512369].

[43] G. Degrassi and G.F. Giudice, QED logarithms in the electroweak corrections to the muon anomalous magnetic moment, Phys. Rev. D 58 (1998) 053007 [hep-ph/9803384].

[44] V.A. Novikov, M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Calculations in external fields in quantum chromodynamics. Technical review (abstract operator method, Fock-Schwinger gauge), Fortschr. Phys. 32 (1984) 585.

[45] J. Bijnens, L. Girlanda and P. Talavera, The anomalous chiral lagrangian of order p^6, Eur.

Phys. J. C 23 (2002) 539 [hep-ph/0110400].

– 34 –